For a gas turbine combustor, an accurate transfer matrix of the burner is an essential prerequisite for stability analysis of combustion instability. This paper describes two numerical methods for the computation of burner transfer matrix (BTM) derived from the experimental method and an experimental validation. In the numerical study, Helmholtz equation with the boundaries of plane wave radiation is solved by employing a finite element code. As alternative to the finite element method (FEM), the BTM is also assessed through using acoustic network method (ANM). In the experimental study, complex acoustic pressure at the combustion chamber firstly can be evaluated based on multi-microphone method (MMM) from three measurement points in the plenum and BTM calculated by the FEM or ANM, then be compared with the measurement for the BTM validation at resonance frequency self-excited by the combustion instability of the combustor consisting of a supply plenum, a premixed swirlstabilized burner and a combustor chamber. The validation shows that the three calculated values are essentially the same as the experimental data, when resonance frequency approximately equal to194, 243 and 290Hz. The results indicate that acoustic behavior of the complex swirl burner can be evaluated successfully by mapping the burner to a network consisting of simple elements.
INTRODUCTION
Low emission gas turbine combustors suffer from the problem of combustion instability caused by the mutual interaction between pressure waves and fluctuations of heat release. This phenomenon poses a serious technological problem due to large amplitude oscillations of pressure and heat release. Therefore the thermoacoustic stability analysis of combustion systems is a major combustor design issue, and great efforts have been made to develop methods for the design process. An important class in these techniques is the low-order acoustic network model [1] [2] [3] [4] .
In the network model the system is split into a network of modules describing its features, such as straight ducts, area changes and combustion zones [5, 6] . For the straight ducts modules, wave propagation is used to relate the perturbations at any position of the duct. The rest modules are considered to be acoustically compact. The acoustic behaviors of these elements are characterized by their transfer matrices [7] , which are linked at their inputs and outputs of the respective pressure and velocity fluctuations. The network model for stability analysis requires the flame transfer function (FTF) describing the coupling of the unsteady heat release offunction of modulation frequency, inlet velocity, fuel injection location, and fuel injector impedance [13] . Swirl burner composing of fuel injectors, swirlers and mixing sections, is necessary to determine the flame transfer function, but it's not easy to directly measure the velocity oscillations at the swirl passages for the complexity of the swirl burner. The most general method of determining the thermoacoustic property of flame is the measurement of the acoustic transfer matrices of the burner with and without flame successively and then extracting the FTF through matrix algebra [14] .
During the process of low-order thermoacoustic network, the swirl burners are often assumed to be an acoustically compact element or a simple element with constant cross section and length. The mass conservation equation and the unsteady Bernoulli equation of incompressible flow can be utilized to analyze the acoustic change of the flow between the two states of the swirl burners [12, 13, 15, 16] . Dowling et al. [17, 18] treated the burner as a simple duct or tube with constant cross section and length in a network model. Actually, it is also important to consider the real geometry of swirler burner for the effects of fuel impedance [19] and acoustic propagation in the swirler burner [10] . Fischer et al. [20] split the burner into several elements with serial connections, and the BTM was obtained by multiplying the transfer matrices of all the elements. However, in actual gas turbine injectors, the swirl burners often contain two or more swirler passages and two fuel injection stages. For example, in a large-scale lean premixed prevaporized combustor, an injector features a stable rich flame as a pilot surrounded by a stratified partially premixed main flame [21] [22] [23] . Hence, it's difficult to use the above methods to calculate the BTM. The successful determination of such a transfer matrix with sufficient accuracy directly from experiments, as it was shown by Paschereit et al. [24] and Schuermans [14] . The experimental difficulties posed by the turbulent combustion noise are hardly been removed. On the other hand, the experimental procedure is rather time consuming, so measured FTF are seldom used to validate models at selected operating points. It would therefore be desirable to establish an effective numerical method to calculate the BTM of the swirler burner.
In this paper, at first an outline of the method of the determination of BTM in the experiment and the combustor with a swirl burner are presented. Then two numerical ways basically transferred from the experimental techniques are utilized to obtain the BTM, where one is the finite element method and the other is an acoustic network method. A network model representing the transfer characteristics of swirl burners is submitted and compared with the finite element simulations. Finally, the validation of BTM based on FEM and ANM is presented through experiments. In the conclusions, the potential of the acoustic network method is appraised.
BURNER TRANSFER MATRIX AND EXPERIMENTAL SET-UP 2.1. Burner transfer matrix determination
The concept of transfer matrices has widely been used in acoustics. A plane wave field at each position along the direction of the wave propagation is uniquely defined by the values of the complex amplitudes of pressure and velocity fluctuations and around their mean values. If on both sides of an element, such as the burner depicted in fig. 1 , the acoustics actually can be described by plane waves, the transfer matrix T is defined as (1) Here the pressure is scaled with the characteristic impedance ρc in order to get dimensionless matrix elements. The subscripts 2 and 1 denote quantities on the downstream and upstream sides of burners respectively. Note that the elements of T depend on frequency and have complex values. The equation has four unknown elements in two equations, so two independent sets of measurement data are extracted the BTM from experimental data. One set of data can be obtained by 
And, finally, the BTM is obtained (3)
Atmospheric combustion test rig
The experimental facility for the work is an atmospheric combustor test-rig with an air supply plenum, a premixed swirl-stabilized burner and combustor chamber. A schematic drawing of the arrangement is shown in Fig. 1 . The actual test-rig is mounted horizontal in the laboratory. Combustion air at ambient temperature enters the upstream plenum (d=100mm, L u =1500mm) through a choked nozzle, then the air is fed through a premixed swirl-stabilized burner to the combustion chamber which create a confinement with a square tube of 120mm ¥ 120mm and a length of L b =540mm. A quartz observe window is equipped at the entrance of the combustion chamber whose exit is opened. A lean-premixed swirl burner was employed for this investigation. The burner features a non-premixed flame as a pilot surrounded by a stratified partially premixed main flame. The aim of using multiple, staged fuel injectors with appropriately tuned flame structure and heat release disturbance represents a promising passive design strategy for reducing unwanted combustion oscillations and extending the stable operations. It is depicted schematically in Fig. 2b ). The burner is 70mm long. The air from inlet is split into two passages, a pilot passage and a main passage. The inner diameter and outer diameter of pilot burner are 13mm and 20mm respectively. The main has an inner diameter of 36mm and an outer diameter of 48mm.Two axial swirlers, one with twelve swirl vanes and the other with ten swirl vanes, are fitted to the main and pilot passages respectively. The calculated swirl number (SN) regarded as the ratio of the tangential to axial momentum flux is adjusted by the vane angle. In Fig 2 b) , methane (CH 4 ) is injected vertically at the upstream of swirler from the main injector, then mixing with the air in the main passage, forming the premixed reactants. The additional fuel injection is placed at the outlet of pilot passage that forms non-premixed mixtures when fuel is staging. Conversely, as showed in Fig 2 a) , there is a blockage in the pilot passage and thus there is only one flow passage while fuel is not staged. The SN of a straight-vane swirl assembly can be approximated as shown in the eqn (4). Here, d h is the hub diameter of the swirler, and d o is the outer diameter of the swirler. The SN is thus found to depend primarily on the swirl vane angle θ.
(4)
The swirl burners configure the different main and pilot swirl numbers through adjusting Swirl-vane angles. Table 1 consist of four arrangement, that are respectively three types of one flow path (A,B,C) which main SN is 0.41,0.60 and 0.79 in turn and one of double swirl paths(D) which main SN is 0.6 and pilot SN is 0.8.
The fuel is methane with the concentration of 99% and the stoichiometric fuelair ratio is 0.058. Methane mass flows are controlled by Mass Flow Controller (Seven Star D07-9E), and the air mass flow is measured by a gas turbine flow meter (Opine FM120). Maximum pilot fuel, main fuel and air mass flow rates are 0.24g/s,1.2 g/s and 40 g/s respectively. Typical operating parameters for this study are an air mass flow between13 and 22 g/s, a fuel mass flow of 0.6 to 1 g/s, and equivalence ratios between 0.55 and 0.85.
To allow for full identification of the plane wave pressure field, the combustion test rig is instrumented with three dynamic pressure sensors (PCB 106B50, 124A21) up and one (PCB 124A21) downstream of the flame. The PCB 124A21 is mounted to the combustor wall in a water-cooled probed holder, which is closer to the burner exit (the reference location), x = 0.04. The others are at axial distances of x = -1.1 m, -0.55 m and -0.10 m respectively.
Acoustic analysis with multi-microphone method
As can be seen in Fig. 1 , the burner separates the plenum and combustion chamber through sudden area contraction and expansion, which results in forming standing waves by transmission and reflection of acoustic waves. The acoustic characters of the burner coupling the standing waves at inlet and combustion chamber form a plane standing wave in the whole combustor. As the analytic solution of the one dimensional wave equation, the plane wave acoustic field decomposed into its upand downstream propagating parts: f and g.
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The term exp (iwt) is omitted in the following as harmonic time dependence is the same for every location in space. k ± is the wave number considering mean flow and can be written as (6) where M is the Mach number and c denotes the propagation speed. Z c equals to the product of the fluid density and the speed of sound in that fluid, ρc defines a characteristic property of the medium named characteristic impedance.
As shown in the eqn (5), f and g are critical parameters for determining the acoustic characteristic of plane standing wave. Because the acoustic velocity cannot be measured directly with sufficient accuracy, multiple axially distributed pressure measurements can be used to find a good approximation to the Riemann invariants in frequency domain. This is done by means of the well-known Multi-Microphone Method (MMM) [25, 26] . The MMM finds a least squares solution_of an overdetermined linear system of equations for f and g. Another advantage of the MMM, thus, is that, by averaging over several microphones, flow noise is suppressed. Given the experimentally determined pressure phasor p ῀ i at multiple axial locations, eqn (7) can be formally inverted in a least squares sense to yield (7) where x j denotes the axial distance of the pressure transducers j to the reference location, H is given by (8) And the operator (⋅) † denotes the pseudoinverse or Moore-Penrose inverse of a matrix. The pseudoinverse of a (n ¥ m) matrix H (with m < n) for which the inverse of H T H exists, for which the rank of H is full, and defined by (9) where the superscripts -1 and T denote the inverse and the conjugate transpose of a matrix, respectively. Using the f and g in the plenum from the MMM with data of three pressure transducers, the acoustic field of burner entrance is given by (10) Take the burner transfer matrix (BTM), the acoustic pressure and velocity at the burner exit is calculated by (11) Utilizing the Riemann invariants in combustion chamber, the acoustic pressure and velocity at the x 4 are related to the burner exit as follows: (12) where the l is equal to x 4 -x 0+ . Comparing the with measurement, the calculation results of BTM from FEM and ANM were verified.
RESULTS AND DISCUSSION

Finite element method and results
In order to compute the transfer matrix of the swirl burner shown in Fig. 2 , a finite element method is used to simulate the propagation of plane wave in the swirl burner. The eqn (13) is a slightly modified version of Helmholtz equation which is solved to determine the complex amplitudes of the acoustic pressure at two locations, upstream and the downstream of the swirl burner. (13) In eqn (13), ρ is the density and c equals to the speed of sound, and w gives the angular frequency.
There are three boundaries used in this model. At the walls of swirl burner, the model uses sound hard (wall) boundary conditions. The condition proposes that the normal velocity at the boundary is zero, and is specified mathematically by: (14) The boundary condition at the inlet involves a combination of an incoming imposed plane wave and an outgoing radiating plane wave [27] , which simulate the wave propagation in the swirl burner with a range of frequencies. Mathematically it is formulated as: 
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In eqn (15) p 0 represents the applied outer pressure, D T is the boundary tangential Laplace operator, e → k describes the wave propagation direction, r → refers to the locations on the boundary and i equals the imaginary unit. At the outlet boundary, the eqn (16) specifies an outgoing radiating plane wave (16) As the method discussed in 2.1, the finite element calculations can be described as follows:
1) Determining and meshing the computation domain consist of swirl burner ,and picking up the entrance and exit position of the burner, as shown in Fig. 3 , 2) Defining a pair of boundaries named an incoming imposed plane wave and an outgoing radiating plane wave respectively. 3) Solving the equation over a range of frequencies with a finite element calculation method, and then extracting the value of acoustic pressures and velocities at two locations described by 1). 4) Repeating 2) and 3) with an opposite propagation of plane wave, and obtain the corresponding acoustic pressure and velocity values. 5) Constructing and transforming the matrix according to the eqn (2-3), and at last obtaining the BTM. The acoustic transfer matrix is estimated for the four types of configurations of the swirler burner at zero Mach numbers and mean flow temperatures of 293K by using the finite element method. Fig. 4 shows the absolute value and phase of the transfer matrix for the four configurations over a frequency range between 10 and 1000Hz. Solid lines denote the absolute values, and dash lines describe the phase values. It can be seen from that characteristics of BTM for all the four configures have the similar trends along the increase of frequency in the Fig 4: 1) The elements of T 11 and T 22 are real numbers, which resemble a quarter cosine curves with the change of frequency which is below about 600Hz which the phase changes from 0 to π .Whereas the frequency exceeds about 600Hz, the absolute values almost increase linearly with the increase of frequency.
2) The absolute value of T 11 is approximate 1.0 at extremely low frequency, and element of T 22 is 0.54 which is equal to the ratio of the area of combust chamber to the plenum.
3) The elements of T 12 and T 21 are imaginary numbers. 4) The absolute value of T 21 which resemble a half sine curves with the change of frequency in the low frequency and the phase is always -π/2, whereas the absolute values increase approximate linearly with the frequency increase since the phase jump from -π/2 to π/2 and maintain π/2. Fig. 4 also shows that the acoustic characteristics of four burner configurations are related to the SN. The pilot SN in Fig. 2b ) can be considered as extremely large when the pilot passage is blocked. It shows that there are only slight difference at the low frequency range among the four swirler burners, little impact on the phase
Vol and an increasing trend on the absolute value towards increasing with increase of swirler number.
Acoustic network method and results
Acoustic Network Method (ANM) are based on the idea to divide the thermoacoustic system to a network of acoustic elements, where each element corresponds to a component of the system and can also be divided into three different groups, elements with a certain geometrical extension (simple circular or rectangle tubes), jump conditions between two elements (area change, branch) and boundary conditions (closed end, open end, loudspeaker). The burner shown in Fig. 5 exhibits a complicated flow path, which goes in hand with some complexity of the acoustic behavior. A successful mapping of the geometry of the swirl burner to a network model requires detailed knowledge of the key elements of the combustor. For simple ducts or tubes with constant cross section and length, assuming the uniform mean flow, the general solution for the convective wave equation can be found in eqn (5) .
Matching conditions between two acoustic elements such as branching or area change need to follow mass conservation and Bernoulli equations which can describe the massive expansion at the burner exit introducing significant acoustic losses that are considered in the network model [19] . Therefore, the acoustic characteristics of an area change can be described by using the following expressions: (17) Here M denotes the Mach number, ρc is referred as the characteristic impedance. The pressure loss between the elements i and j is defined as (18) It consists of the following elements (see Figs. 5 for illustration) arranged sequentially in streamwise direction:
(1) A circular duct segment of 110mm length represents the part of plenum. (20) The algebra equations connecting the Riemann invariants of different elements obtained through matching conditions such as branching, area change between two acoustic elements and the boundaries construct the system equations. Then the Riemann invariants for the each element are solved by the system equations.
As seen in the above, ANM can be considered to be a simplification FEM. Its unique features are as follows: although ANM is a one-dimensional acoustic tool, the geometric of elements can be simple three dimensional conditions such as annular, circular and rectangle, the mesh of ANM is smaller than FEM, the boundaries of burner reduce to a one-dimensional case, and the ANM reduces the precision at the interface between two elements.
The solving steps of BTM with ANM are the same as the finite element calculations. Fig. 6 shows the distribution of non dimensional pressure amplitude with incoming waving from inlet to the combustion section with frequency= 550Hz. a) is the computation results from FEM and b) is elevated by the ANM. It shows that there is no remarkable difference between these two numerical methods. 
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Experiment validation results
According to the eqn (10) (11) (12) , the calculation results of BTM from FEM and ANM can be verified by measurement points in the combustor. This method includes the following steps: 1) Calculating the BTM calculated by the FEM or ANM described above, 2) Choosing the self-excited frequencies from the pressure signals, 3) Solving the acoustic pressure and velocity at the plenum with the self-excited frequencies by the MMM, 4) Calculating the acoustic pressure according the eqn (10) (11) (12) and comparing the measurement values at point x 4 . Sound pressure level (SPL) from measuring point x 4 varies with the change of frequency as demonstrated in Fig.8 it shows total about eight resonance frequencies excited by the combustion instability in the range from 10 to 500Hz, which will be used in the next calculation. Energy at the frequency of 243Hz dominates the acoustic energy excited by the combustion instability, while other resonance frequencies are relatively small. Fig.9 shows the absolute value and phase of SPL from measuring point at the combustion chamber and solutions from the plenum measuring points and BTM respectively. Squares symbolize measuring points of combustion chamber, circles represent calculation from plenum measuring points and BTM given by FEM, and triangles stand for the solution from plenum measuring points and BTM from ANM. In Fig. 9a ), it shows that there is only slight difference between the results from two solutions. When resonance frequencies approximately equal to 194, 243 and 290Hz, the two calculated values are basically the same as the experimental data. However, owing to the error from flow noise spectrum, the two results have a few differences comparing with experiments at other resonance frequency. In Fig.  9b ), the two calculations results in phase are agree well with the experimental results except for the frequency of about 50HZ by the electronic noise interference in the acquisition system. 
CONCLUSION
In this paper, the BTM of geometrically complex swirl burners in the lean premixed combustor is obtained with FEM and ANM. In the experiment study, the acoustic pressure at the measuring point of the combustion chamber is calculated by BTM and the solutions of acoustic pressure and velocity in the burner entrance based on MMM with the resonance frequencies, then the calculation of acoustic pressure is compared with the experiment data for the BTM validation.
A comparison of the results of BTM obtained by FEM for different swirl burner configurations shows only slight difference at the low frequency range, little impact on the phase and an increasing trend on the absolute towards increasing with increase of swirl number.
Results of the ANM obtained after mapping the swirl burner geometries are closely agreement with the solutions from FEM. The verification results of BTM also show that the solutions from ANM in the resonance frequencies are well correspondence with the solutions from FEM and the measurement at the burner exit, revealing that the low order acoustic network model with acoustic elements for complicated geometries can provide precise acoustic transfer analysis and further thermoacoustic analysis.
